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Introduction

The goal of this document is to provide educators with a highly intuitive, visually
memorable framework for teaching the Master Theorem.
The initial sections, ”The Divide and Conquer Strategy” and ”Building the Recursion Tree,”
establish the foundational intuition behind the recursive formula and its tree-graph
representation. While standard derivations of these concepts exist across many
resources, they are included here to lay the necessary groundwork.
The core novelty of this guide lies in the final section: translating the three cases of the
Master Theorem into three distinct geometric shapes—a triangle, a rectangle, and an
inverted triangle.

The Divide and Conquer Strategy

The Master Theorem is a tool used to analyze the runtime of algorithms that employ a
divide and conquer strategy. Instead of solving a massive problem all at once, these
algorithms do three things:

1. Divide: Break the large problem into several smaller, identical subproblems.

2. Conquer: Solve those smaller subproblems recursively.

3. Combine: Glue the solutions of the subproblems back together to form the final
answer.

To make this concrete, let’s look at two classic examples of divide and conquer
algorithms. Merge Sort recursively splits an array into two halves until each element is
isolated, and then merges those sorted sub-arrays back together to form the final sorted
output. Binary Search locates a target value in a sorted array by repeatedly dividing the
search interval in half and recursively exploring only the side where the target could
exist.

1



Merge Sort Binary Search

Figure 1: Merge Sort branching out to process all subproblems compared to Binary Search
following only a single subproblem path.

Deriving the Formula

The divide and conquer strategy is inherently recursive because the subproblems it
generates are simply smaller instances of the original problem, allowing the algorithm to
call itself to solve them. Consequently, we can derive a recursive formula to describe the
runtime of these algorithms. We define the following elements:

• n: The size of our initial problem.

• T : The total runtime function. For example, evaluating this function at input n,
written as T (n), gives the total time it takes to solve a problem of size n.

• a: The number of smaller subproblems we split our big problem into (where a ≥ 1).

• b: The factor by which the problem size shrinks. For example, if we cut the problem
in half, b = 2. This means each new subproblem has a size of n/b (where b > 1).

• f : The ”overhead” work function. For example, f(n) represents the time required to
physically divide a problem of size n at the start, plus the time to combine all its
subproblem answers at the end.

Mapping these variables to our examples:

• Merge Sort divides the array in two (b = 2), recurses on both halves (a = 2), and
merges in linear time (f(n) = Θ(n)).

• Binary Search also halves the array (b = 2), but recurses on just one half (a = 1) with
constant overhead work (f(n) = Θ(1)).

To establish the complete runtime T (n), we define a base case and construct the general
equation by adding its two core components:

• Time spent on recursive work: Because each subproblem is exactly the same as the
initial problem but reduced to a size of n

b , solving just one takes T
(
n
b

)
time. Since

the algorithm generates a of these subproblems, we multiply to find the total
recursive time: aT

(
n
b

)
.

• Overhead work: f(n), which accounts for the time spent physically dividing the
problem and combining the recursive answers.
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• Anchoring the recursive formula: To formally anchor this recursion, we assume a
base case of T (1) = Θ(1) and f(1) = Θ(1). This simply means that when the
problem size is reduced to a single element, the algorithm takes a constant amount
of time to process it and no further division is required.

Setting the total time T (n) equal to the recursive work plus the overhead work naturally
builds our standard recurrence relation:

T (n) = aT
(n
b

)
+ f(n) for n > 1

T (1) = Θ(1)

To avoid using rounding functions like floor and ceiling, we will assume n is an exact
power of b. While this simplification keeps the math clean, the explanation and the
Master Theorem hold true even when n is not an exact power of b. Because our ultimate
goal is to analyze asymptotic behavior, omitting these rounding functions does not alter
the final complexity bounds.
Applying this general formula to our earlier examples yields their exact recurrence
relations:

• Merge Sort: T (n) = 2T
(
n
2

)
+Θ(n)

• Binary Search: T (n) = T
(
n
2

)
+Θ(1)

Our objective is to resolve this recurrence relation to find the asymptotic behavior of
T (n) directly in terms of n. To accomplish this, we can visualize the total work done by
the algorithm using a recursion tree.

Building the Recursion Tree

When we unfold the recurrence relation, we create a tree structure where each node
represents the cost of a single subproblem.
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Figure 2: The recursion tree generated by T (n) = aT (n/b) + f(n). The tree is a complete
a-ary treewith nlogb a leaves and height logb n. The cost of the nodes at each depth is shown
at the right. Figure structure adapted from Introduction to Algorithms by Cormen et al.
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At the Root Level (Level 0):

• Number of subproblems: 1 = a0 (just the original, undivided problem).

• Size of the subproblem: n = n
b0
.

• Work done at this level: f(n). This represents the computational effort required to
divide the initial problem and eventually combine the answers from the branches
below.

At Level 1

If we have an initial problem size of n, and we divide it into a subproblems, each of size
n/b, then at the first level of recursion (level 1), we have:

• Number of Subproblems: a = a1

• Size of each Subproblem: n
b = n

b1

At Level i

Following the pattern from the first level, as we go deeper into the recursion tree, each
node at level i− 1 branches into a new nodes at level i, and the size of the problem is
divided by b at each step. Therefore, at level i, we have:

• Number of Subproblems: a · ai−1 = ai

• Size of each Subproblem: n/bi−1

b = n
bi

This pattern continues down to the base cases (the leaves of the recursion tree).

At the Leaf Level (The Base of the Tree):

• Depth of the tree: The recursion stops when the subproblems become small
enough to solve directly (size 1). This occurs when n/bh = 1, which means the
bottom of the tree sits at depth h = logb n.

• Number of subproblems (Leaves): Following our pattern, the number of nodes at
this final level is alogb n. Using standard logarithm rules, this mathematically
simplifies to nlogb a :

alogb n = (blogb a)logb n = (blogb n)logb a = nlogb a

• Size of each subproblem: 1 (the base case).

• Work done at this level: Assuming the base case takes constant Θ(1) time to
solve, the total computational ”weight” of the entire leaf level is exactly the number
of leaves, Θ(nlogb a).
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Summing the Total Work

Since we know the number of subproblems and their sizes at any given level i, we can
calculate the total work done at that specific level by multiplying the number of nodes ai
by the cost function f of the size of each subproblem at level i n

bi
:

Work at level i = aif
(n

bi

)
To find the total running time T (n) of the algorithm, we must sum the work done across
all levels of the tree, from the root (level 0) all the way down to the leaf nodes at depth
logb n:

T (n) =

logb n∑
i=0

aif
(n

bi

)
=

logb n−1∑
i=0

aif
(n

bi

)
+Θ(nlogb a)

(where the Θ(nlogb a) term represents the total work done by the leaves at the very
bottom).
Rather than solving this messy summation algebraically for every single algorithm, the
Master Theorem simply wants to know how this sum behaves asymptotically—that is,
which level of the tree dominates the total area as the problem size n approaches infinity.

Cases of the Master Theorem

To determine the asymptotic behavior of T (n), we must examine how the computational
work is distributed across the layers of the recursion tree. At every depth, the total work
is determined by a competition between the shrinking overhead work per node and the
exponentially growing number of nodes. The three cases of the Master Theorem
correspond directly to the three possible outcomes of this competition: the work at the
leaves dominates, the work at the root dominates, or the work is perfectly balanced
across all levels.

Case 1: The Triangle (Bottom-Heavy)

Condition

f(n) = O(nlogb a−ϵ) for some constant ϵ > 0.

The Case: In this case, the work done at the root (f(n)) is polynomially smaller than the
sheer number of leaves at the bottom of the tree (nlogb a).
The Geometry: As you move down the recursion tree, the number of nodes dominates
the total work. Therefore, the amount of total work per level expands outward
geometrically. Because the computational weight is overwhelmingly concentrated at the
bottom, the recursion tree forms a standard triangle standing firmly on its broad base.
Result: Since the vast majority of the work happens at the leaf level, the total time
complexity is bounded entirely by the number of leaves:

T (n) = Θ(nlogb a)
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Root: f(n) (Light Work)

Leaves: nlogb a (Heavy Work)

Work increases per level

Case 2: The Rectangle (Balanced Work)

Condition

f(n) = Θ(nlogb a)

The Case: Here, the work done at the root is functionally identical to the work done
across the leaf level.
The Geometry: The cost of splitting the problem into pieces perfectly offsets the
shrinking size of those subproblems. This means that every single level of the recursion
tree performs the exact same amount of total work. The geometric shape forms straight,
uniform vertical sides, creating a perfect rectangle.
Result: Since every level does the same amount of work (which is proportional to f(n) or
nlogb a), the total time is simply the work of a single level multiplied by the height of the
tree (which is logn):

T (n) = Θ(nlogb a logn)

Root: f(n) (Balanced Work)

Leaves: nlogb a (Balanced Work)

Work is constant per level
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Case 3: The Inverted Triangle (Top-Heavy)

Condition

f(n) = Ω(nlogb a+ϵ) for some ϵ > 0, and satisfies the regularity condition: af(n/b) ≤
kf(n) for some k < 1.

The Case: In this final case, the root function f(n) is polynomially larger than the leaf
count.
The Geometry: The work shrinks drastically at each subsequent level of the recursion
tree. The massive bulk of the computational weight sits squarely at the top node,
forming an upside-down triangle balancing on its point.
(The regularity condition simply ensures that the shape tapers off cleanly downward
rather than bulging unevenly).
Result: Because the total work is completely dominated by the very first level, the total
time complexity is bounded by the root:

T (n) = Θ(f(n))

Root: f(n) (Heavy Work)

Leaves: nlogb a (Light Work)

Work decreases per level
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